Abstract. A concrete example is given of a bounded, linear, compact, quasiaffinity T acting on a separable, infinite dimensional, Hubert space % with the property that the eigenvectors of T span % but the root vectors of T* span a subspace of % with infinite dimensional orthocomplement.
dim %^(T) =,dim %^(T*), so that if T has a good supply of eigenvectors [root vectors] corresponding to nonzero eigenvalues, then the same is true of T*. (The compactness of T is essential here, of course.) This leads to the following questions. If T is compact and the eigenvectors [root vectors] of T span %, must the same be true for F*? It is known [2] and not difficult to see (cf. Proposition 1.2 below) that the answer to both questions is "no", roughly because T may have a large kernel and F* only trivial kernel. But suppose that we impose the additional hypothesis that F be a quasiaffinity (i.e., that both T and F* have trivial kernels). In this case the above questions are more difficult, and, moreover, it is known that if F is a compact quasiaffinity all of whose invariant subspaces are spanned by root vectors, then the same is true of F* [3] . Nevertheless, as observed by Marcus [3] , one can put the example of Hamburger [2] together with a result of Nikol'skii [4] to the effect that every compact operator is a part of a second compact operator whose root vectors span its Hubert space to conclude that the answer to both questions is still "no". But this situation is not completely satisfactory, because both the construction of Hamburger [2] and that of Nikol'skii [4] are rather complicated and what results is not so much a concrete example as an existence theorem. It is the purpose of this note to clarify this situation. We construct an explicit, fairly straightforward example of a quasiaffinity F in the HilbertSchmidt class with the property that &(T) = 91 (F) = X while dim(3C G &(F*)) = K0. Lemma 1.1. Suppose {en}™={ is an orthonormal basis for X, and a mapping T: {en} -> X is defined in such a way that 2"=1 ||Fe"||2 < -foo. Then Thas a unique extension to an operator f in t(X), and T belongs to the HilbertSchmidt class.
Proof. It suffices to show that F possesses an extension F in £(%), and this goes as follows. By linearity, one may extend F to be defined at all finite linear combinations of the basis vectors. If / is any such vector, then a calculation using the Schwarz inequality shows that 117/11 < ll/ll|2 IITeJ2 and thus F may be extended to all of X by continuity.
We motivate the construction of our principal example by first giving a simpler example in which F is not a quasiaffinity. To show that <3l(F*) ^ X, we will show that g is orthogonal to <3l(F*).
Note first that each «" belongs to the range of T, and thus the range of F is dense in X. Thus T* has trivial kernel, and to complete the proof it suffices to show that if u is a nonzero eigenvalue of F*, « is a positive integer, and k is ■ / * License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use a vector such that
then (k, g) = 0. It follows from (1) that there exists a polynomial p with p(0) = 0 such that p"k = p(T*)k. If we writep* for the polynomial obtained fromp by conjugating all its coefficients, then
r since g belongs to the kernel of F, and the proof is complete.
We turn now to the example that is the principal business of the note. Proof. Suppose F has a quasiaffine transform N that is a normal operator in £(%). Then, by definition, there exists an operator X in t(%) with trivial kernel and dense range such that XT = AA. Since the eigenvectors of T span %, it follows from this equation that the eigenvectors of N also span %, in other words, that N is diagonalizable. But then N* is also diagonalizable, and by taking adjoints in this equation, we learn that the eigenvectors of F* span %, contrary to fact.
By means of a lengthy and tedious computation, which we do not wish to include, one can establish these additional facts about the above operator F. Proposition 1.5. The operator T defined by (2) has the property that the only eigenvalues of T are the eigenvalues of the various T\Xn. Moreover, ifX is any eigenvalue of T, then &\(T) = 9^(F) and this space is one-dimensional.
Finally, we remark that Theorem 1.3 and Corollary 1.4 show that the proof of [1, Corollary 5.5] is not correct.
